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We estimate the size of the hadronic matrix elements of CP-violating three-gluon and four-gluon
Weinberg operators using sum-rule techniques. In the three-gluon case, we are able to reproduce the
expressions given in earlier works, while the four-gluon results obtained in this article are new. Our
paper therefore represents the first systematic study of contributions to the electric dipole moment
of the neutron due to CP-violating dimension-six and dimension-eight operators. We provide many
details on both the derivation of the sum rules as well as the analysis of the uncertainties that plague
our final predictions.
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1 Introduction
Searches for electric dipole moments (EDMs) place stringent constraints on any beyond the stan-
dard model (BSM) scenario with additional sources of CP violation (see [1–23] for reviews and
recent discussions). At present the strongest limits are set by measurements of the electron spin
precession in thorium monoxid [24, 25], the EDM of the neutron (nEDM) [26, 27] and the mercury
– 1 –
atom [28, 29]. While the thorium monoxid measurements can be interpreted as a probe of the elec-
tron EDM with small theoretical uncertainties [30, 31], nucleon, nuclear and diamagnetic EDMs
receive contributions from several effective operators that are plagued by theoretical uncertainties
of different sizes. For instance, the EDM contributions from down and up quarks to the nEDM
have been calculated with an accuracy of O(5%) using lattice QCD (LQCD) [32–34], while sum-
rule calculations [35–37] allow to determine the nEDM contributions from the down-quark and
up-quark chromomagnetic EDMs (CEDMs) with uncertainties of O(50%). To date only estimates
of the hadronic matrix element of the leading operator of Weinberg type exist. These rely on either
naive dimensional analysis (NDA) [38], the vacuum insertion approximation (VIA) [39] or sum
rules [40]. The resulting uncertainties are hard to quantify, but commonly said to be of O(100%).
LQCD computations of the contributions of the CEDMs and the leading Weinberg operator have
gained significant momentum in recent years [41–48], and considering the ongoing efforts by sev-
eral LQCD groups, calculations with uncertainties similar to those of the sum-rule estimates may
be achievable within the next five years [49, 50]. To fully exploit the expected increase in sensitiv-
ity of future EDM searches (see for instance [51–53] for discussions), improved calculations of the
hadronic matrix elements of CEDMs and Weinberg-type operators are direly needed.
The goal of this article is to determine the hadronic matrix elements of the following effective
operators of Weinberg type [38, 54–58]
O6 = f ABC G˜AµνG
B νρGC µρ , O8 = c
ABCD G˜AµνG
BµνGCρλG
D ρλ . (1.1)
Here GAµν is the QCD field strength tensor, G˜
A µν = 1/2 µνρλ GAρλ with 
0123 = +1 denotes its
dual, f ABC are the fully anti-symmetric structure constants of SU(3) and cABCD denote the colour
structures defined in (5.20). Lacking the expertise in LQCD as well as the needed computer re-
sources, we will present estimates of the hadronic matrix elements of the operators in (1.1) using
QCD sum-rule techniques. In the case of the dimension-six contribution O6 such a calculation has
already been performed in [40], but the latter publication does not provide details on the actual
computation making an independent reevaluation worthwhile. Our determination of the hadronic
matrix elements of the dimension-eight term O8 is instead new. Both results will be used in a
companion paper [59], where we derive model-independent bounds on CP-violating Higgs-gluon
interactions in BSM scenarios with vanishing or highly suppressed light-quark Yukawa couplings.
Our work is organised as follows. After briefly reviewing the basic idea behind the sum-rule
determinations of the hadronic matrix elements of O6 and O8, we discuss in Section 3 the phe-
nomenological side of the sum rules. The operator product expansion (OPE) computation of the
dimension-six and dimension-eight contributions is described in Section 4 and Section 5, respec-
tively. The matching and the numerical analysis of the sum rules are performed in Section 6. We
conclude in Section 7. Technical details are relegated to several appendices.
2 General idea behind the sum rules
The central object for the derivation of the sum-rule estimates for the hadronic matrix elements of
operators of the type (1.1) is the following correlation function
Π(q2) = i
∫
d4x eiqx
〈
Ω
∣∣∣T [η(x) η¯(0)]∣∣∣ Ω〉
EM,Ok
, (2.1)
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where T denotes time ordering, η(x) is an interpolating field that has the same quantum numbers as
the neutron, |Ω〉 represents the vacuum on a CP-conserving background and the subscripts EM and
Ok imply that the correlator is evaluated in the presence of a constant external electromagnetic (EM)
source and one of the operators introduced in (1.1). The basic idea is to calculate (2.1) using two
different approaches and to match the results to obtain an analytic expression for the nEDM in
terms of hadronic quantities. In the first approach, one defines a phenomenological form Πphen of
the correlator, which incorporates the wave function of the neutron, its EDM and other parameters.
The second approach relies instead on an OPE of the correlator leading to the object ΠOPE that
depends on the expectation values of effective operators, such as the three-gluon and four-gluon
interactions introduced in (1.1). Matching the expressions for Πphen and ΠOPE then yields the
contribution of the effective operators of interest to the nEDM. To improve the accuracy of the
sum rules, the correlators are, however, not matched themselves but their Borel transforms are
considered. As we will explain in Section 3, such a procedure removes higher-order polynomial
terms and suppresses excited states.
3 Phenomenological side of the sum rules
3.1 Hadronic representation
In this section, we derive the phenomenological form Πphen of the correlator (2.1) following the
argument presented in [35, 37, 60, 61]. An often considered approach for the phenomenological
side of two-point correlators is the use of dispersion relations [62–68]. Since we are interested
in the correlator of two nucleon currents η in an external EM field, we are, however, effectively
dealing with a three-point correlation function. Dispersion relations for three-point correlators are
less constraining than those of two-point correlators due to the lack of positivity constraints [61].
Therefore, we relate the correlator (2.1) to a perturbative expansion of the nucleon propagator in a
non-zero and constant EM background. We write
ΠN(q2) = Π
(0)
N (q
2) + eΠ(1)N (q
2) + . . . , (3.1)
where e is the electron charge magnitude that serves as the expansion parameter. The first non-
trivial term in (3.1) describes the response of the nucleon states to the weak external perturbation
and arises from a single insertion of the EM interactions
LEM(x) = Jµ(x) Aµ(x) , Jµ(x) = e
∑
q=d,u
Qq q¯(x)γµq(x) . (3.2)
It takes the form
eΠ(1)N (q
2) = i
∫
d4x d4y eiqx
〈
Ω
∣∣∣T [η(x) η¯(0) iLEM(y)]∣∣∣ Ω〉 . (3.3)
Here Jµ denotes the EM current, Aµ is the photon field and Qq is the fractional electric charge of
the relevant quark. Note that the EM field is a non-dynamical, classical field in this approach.
In order to evaluate the first-order contribution to (3.1), we insert a complete set of hadronic
states N′ and N′′ with the quantum numbers of the neutron into (3.3), i.e. we make use of the
identity 1 =
∑
N′ |N′〉 〈N′| twice. Working in the so-called fixed-point gauge (see Appendix B),
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which allows one to express the photon field through the QED field strength tensor employing
Aµ(y) = −1/2 yνFµν(0) (cf. (B.5)), one obtains the following expression for the first non-trivial
term in the Taylor expansion (3.1) of the nucleon propagator ΠN(q2):
eΠ(1)N (q
2) =
∑
N′,N′′
∫
d4x d4y eiqx θ(x0 − y0) θ(y0) 12 y
νFµν(0)
× 〈Ω| η(x) |N′〉 〈N′| Jµ(y) |N′′〉 〈N′′| η¯(0) |Ω〉 + . . . .
(3.4)
Here θ(z) denotes the Heavyside step function, the subscript 0 indicates the time component and
the ellipses represent the different combinations due to time ordering. The double sum in (3.4)
involves three types of matrix elements of the EM current. These correspond to nucleon transitions
of (i) ground state to ground state, (ii) ground state to excited states and vice versa, and (iii) excited
states to excited states.
Let us first focus on the ground-state contributions, i.e. the terms of the hadronic sums that
involve only neutron states |n〉. Up to an arbitrary chiral phase χ the matrix elements involving |n〉
can be parametrised by the coupling λ between the physical neutron and the interpolating current η
as follows
〈Ω| η(x) |n〉 = λU(χ) u(p, s) , U(χ) = ei χ2 γ5 . (3.5)
Here u is the neutron spinor which satisfies(
/p − mn) u(p, s) = 0 , ∑
s
u(p, s) u¯(p, s) = /p + mn , (3.6)
with /p = pµγµ, mn denoting the neutron mass and u¯(p, s) = u†(p, s)γ0. Notice that for our correla-
tor (3.4) a spin summation is implicit in the sum over all hadronic states.
The product of the matrix element involving the EM current and the photon field can be re-
duced to a set of four neutron form factors (see for instance [69])∫
d4x eiqx 〈n| Jµ(x) |n〉 Aµ = (2pi)4 δ(4) (q − (p2 − p1)) u¯(p2, s2)Γµ(p1, p2) u(p1, s1) Aµ(q) , (3.7)
with
Γµ(p1, p2) Aµ(q) = F1(q2)γµAµ −
(
F2(q2) + F3(q2) iγ5
) σµνFµν
4mn
+ F4(q2)γµγ5 ∂νFµν . (3.8)
Here q = p2− p1 is the outgoing momentum carried by the photon and σµν = i/2 [γµ, γν] where the
brackets represent the usual commutator. At q2 = 0, the form factors in (3.8) can be identified with
the fractional electric charge Qn, the magnetic moment µn, the EDM dn and the anapole moment an
of the neutron. Since the electric charge of the neutron is zero and its anapole moment, as a result
of the constant EM background, vanishes as well, one has explicitly
µn =
F2(0)
2mn
, dn =
F3(0)
2mn
. (3.9)
It then follows that the tensor structures in (3.8) associated with µn and dn only differ by a factor iγ5,
meaning that at zero-momentum transfer one can write
Γµ(p1, p2) Aµ(q)
∣∣∣
q2=0 = −
µn
2
(
1 +
dn
µn
iγ5
)
σ · F = −1
2
(
µnσ · F − dnσ · F˜
)
, (3.10)
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with σ · F = σµνFµν etc. and we have used that γ5σ · F = iσ · F˜.
Inserting (3.5), (3.7) and (3.10) into (3.4) and using (3.6), one obtains for the |n〉 contributions
to the first-order correction (3.4) of the nucleon correlation function the following expression
eΠ(1)N (q
2) = − λ
2
2
(
q2 − m2n
)2 U(χ)PU(χ) + . . . , (3.11)
with
P =
(
/q + mn
) (
µnσ · F − dnσ · F˜
) (
/q + mn
)
. (3.12)
Here the ellipses denote contributions due to excited states and other operators that turn out to be
suppressed in the course of our analysis. Up to O(χ) the Lorentz structure in (3.11) behaves under
chiral transformations as
U(χ)PU(χ) = P +
{
P, i
χ
2
γ5
}
+ O(χ2)
= mn
{
µnσ · F − dnσ · F˜, /q
}
+ m2n
[
µnσ · F − (dn + χµn)σ · F˜
]
+ /q
[
µnσ · F − (dn − χµn)σ · F˜
]
/q + O(χ2) .
(3.13)
This result implies that the anti-commutators
{
σ · F, /q} and {σ · F˜, /q} are the only structures that are
invariant under chiral rotations.
3.2 Phenomenological parametrisation
In calculating dn it should then be clear from the above discussion that one should study the op-
erator
{
σ · F˜, /q} as this structure is the unique choice with an unambiguous coefficient for what
concerns the EDM. We thus make the following ansatz [35, 37, 60, 61]
Π
(1)
N (q
2) =
1
2
f (q2)
{
σ · F˜, /q
}
, (3.14)
with
f (q2) =
λ2 mn dn
(q2 − m2n)2
+
∑
N′,n
f ′N
(q2 − m2n)(q2 − m2N′)
+
∑
N′,N′′,n
fN′N′′
(q2 − m2N′)(q2 − m2N′′)
, (3.15)
for the first-order contribution to the nucleon propagator (3.1). The first term in (3.15) corresponds
to the ground-state contribution. It matches the result that we have already derived in (3.11). The
second and third term describe transitions of the ground state to excited states and vice versa and
transitions of excited states to excited states, respectively. The corresponding form factors are
called fN′ and fN′N′′ . They do not have definite signs due to the lack of positivity constraints of the
considered correlator [61].
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Figure 1. Contributions to the neutron EDM induced by CP-violating Weinberg-type operators. The dotted
vertices indicate operator insertions and the solid lines represent propagators of the neutron n or the excited
states N0 and N00. See text for further explanations.
Applying the Borel transformation defined in Appendix B, one finds that the numerically lead-
ing contributions of the Borel transforms of the three terms in (3.15) are given by
cn = B
"
 2mndn
(q2   m2n)2
#
=
 2mndn
M4
e 
m2n
M2 ,
cN0 = B
266664 fN0
(q2   m2n)(q2   m2N0)
377775 ' fN0
M2
⇣
m2N0   m2n
⌘ e  m2nM2 ,
cN0N00 = B
266664 fN0N00
(q2   m2N0)(q2   m2N00)
377775 ' fN0N00M4 e m
2
N0
M2 .
(3.16)
Here we have exploited that empirically mN0   mn and mN0 ' mN00 . Compared to the ground-
state contribution the mixed ground-state and exited-state contributions and the excited-states only
contributions are hence of approximate size
cN0
cn
' 0.3 fN0
 2mndn
✓ M
0.6GeV
◆2
,
cN0N00
cn
' fN0N00
 2mndn
e 
m2
N0  m
2
n
M2 , (3.17)
where we have used the values mn ' 0.94GeV and mN0 ' 1.44GeV [68] for the mass of the
neutron and its lightest excitation to obtain the quoted numerical prefactor. Under the assumption
that | fN0 | ' | fN0N00 | '  2mndn and setting M = 2⇤QCD ' 0.6GeV with ⇤QCD the QCD scale, the
mixed ground-state and exited-state (excited-states only) contributions therefore naively amount to
relative corrections of the order of 30% (5%). In the following, we only include the ground-state
contribution to (3.14) in our sum-rule calculation, and estimate the uncertainties that are associated
to this simplification by a variation of the Borel mass M (cf. Section 6).
The appropriate form of the phenomenological side of our sum rule can be established by
realising that the contributions to the nEDM induced by CP-violatingWeinberg-type operators (1.1)
have a simple pictorial interpretation [37]. As illustrated in Figure 1, there are two types of graphs
that one needs to consider in general. The first type of diagrams (left and middle) factorises into a
propagator with a CP-violating mass insertion proportional to i 5 and into a part that couples to the
external photon field. The e↵ect of Weinberg-type operators in this context is to rotate the nucleon
wave function by an amount proportional to dn/µn as in (3.10). The second type of diagrams (right)
only exists if either an insertion of an operator is considered that couples several gluons to a single
photon or if at least one of the external legs corresponds to an excited state [37]. The former
possibility is not viable at the dimension-six level, because there is no gauge-invariant operator
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Figure 1. Contributions to the neutron EDM induced by CP-violating Weinberg-type operators. The dotted
vertices indicate operator insertions and the solid lines represent propagators of the neutron n or the excited
states N′ and N′′. See text for further explanations.
Applying the Borel transformation defined in Appendix C, one finds that the numerically lead-
ing contributions of the Borel transforms of the three terms in (3.15) are given by
cn = B
[
λ2 mn dn
(q2 − m2n)2
]
=
λ2 mn dn
M4
e−
m2n
M2 ,
cN′ = B
 fN′
(q2 − m2n)(q2 − m2N′)
 ' fN′
2
(
m2N′ − m2n
) e− m2nM2 ,
cN′N′′ = B
 fN′N′′
(q2 − 2N′)(q2 − 2N′′)
 ' fN′N′′4 e−m2N′M2 .
(3.16)
Here we have exploited that e pirically N′  n and N′ N′′ . o pared to the ground-
state contribution the mixed ground-state and excited-state contributions and the excited-states only
contributions are hence of approxi ate size
cN′
cn
' 0.3 fN′
λ2 mn dn
(
0.6 e
)2
,
c ′ ′′
cn
f ′ ′′
λ2 n n
−m
2
N′ −m
2
n
2 , ( . )
where we have used the values mn ' 0.94 e and ′ . 70 t t
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that | fN′ | ' | fN′N′′ | ' λ2 mn dn and set ing 2ΛQC . it Λ ,
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that couples two gluons to a single photon. In the approximation that neglects the contributions of
vertex diagrams and excitations, one can therefore use the following parameterisation
Πphen(q2) = − λ
2 m2n µn
2
(
q2 − m2n
) (1 + r(q2) iγ5) , (3.18)
where the coefficient function r(q2) has to be determined by matching the phenomenological side
of the sum rule to the corresponding OPE calculation. Since from (3.10) we know that the EDM
and the magnetic moment of the neutron are simply related by a chiral rotation with iγ5 though, the
following relation holds
dn = µn r(q2) . (3.19)
In physical terms this result means that the Weinberg-type contributions to dn can be approximated
by calculating the iγ5 rotation of the nucleon wave function and relating it to the corresponding
chiral rotation of µn [39, 40]. In Section 4 and Section 5 we will use (3.18) and (3.19) to extract
the hadronic matrix elements of O6 and O8, respectively.
4 OPE calculation for the dimension-six operator
4.1 Interpolating current
We parameterise the interpolating current introduced in (2.1) as follows
η(x) = j1(x) + β j2(x) , (4.1)
where the real parameter β is kept arbitrary throughout our calculations. The two currents
j1(x) = 2abc
(
dTa (x)Cγ5 ub(x)
)
dc(x) , j2(x) = 2abc
(
dTa (x)Cub(x)
)
γ5 dc(x) , (4.2)
form a basis for projection onto the neutron state in the case of a CP-conserving background. The
current j1(x) is often used in LQCD simulations to describe the neutron wave function (see for
instance [71–73]). While j2(x) vanishes in the non-relativistic limit, it should be included in the
interpolating field since we are dealing with light quarks. In (4.2) the symbols a, b and c are
colour indices, d and u denote a down-quark and up-quark field, respectively, and C is the charge
conjugation matrix, which satisfies C = C∗ = −C† = −CT = −C−1, CγT5 C = −γ5 and C†γ0 = γ0C.
Notice that in contrast to the publications [35, 37, 60, 61], we do not need to consider the
two additional currents i1(x) = γ5 j2(x) and i2(x) = γ5 j1(x), because in our case the only source
of CP-violation is provided by the Weinberg-type operators (1.1). The vacuum |Ω〉 appearing in
correlators such as (2.1) is instead taken to be CP-conserving, which in particular means that we
assume that the QCD theta term θ G˜AµνG
A µν vanishes either accidentally or dynamically due to a
Peccei-Quinn mechanism [74].
4.2 Weinberg contribution to the quark propagator
In the presence of a non-trivial EM background and the dimension-six operator O6, the OPE of the
correlator (2.1) can be formally written as
ΠOPE(q2) = i
∫
d4x eiqx
〈
Ω
∣∣∣T [η(x) η¯(0)]∣∣∣ Ω〉
EM,O6
=
∑
k
Ck(q2) 〈Qk〉 , (4.3)
– 7 –
Figure 2. Contribution of the dimension-six Weinberg operator to the quark propagator. The dotted vertex
represents the operator insertion, the crosses indicate interactions with the background and the solid lines
depict quark propagators.
where Ck are so-called Wilson coe cients and hQki = h⌦|Qk|⌦i are vacuum matrix elements or
condensates of the operator Qk.
One important ingredient to evaluate (4.3) is the quark propagator on the CP-conserving back-
ground including insertions of the EM field and O6. In position space and suppressing colour and
spinor indices the sought propagator reads
S (x) = S (0)(x) + S q(x) + S O6 (x) , (4.4)
where the first term is the free propagator for a massless quark and the second term describes
non-perturbative interactions with background quark fields. As shown in Appendix C at leading
order (LO) in the OPE these two quantities take the following form
S (0)(x) =
i/x
2⇡2x4
, S q(x) =   1
12
hq¯qi , (4.5)
with hq¯qi '  (0.25GeV)3 [65, 66, 73] the quark condensate.
The e↵ective operator O6 can be perturbatively inserted into the quark propagator [38]. The
corresponding Feynman diagram is shown in Figure 2. It follows that the Weinberg-induced con-
tribution to (4.4) can be written as
S O6 (x) =
Z
d4z1d4z2 S (0)(x   z1)S O6amp(z1   z2)S (0)(z2) , (4.6)
where the amputated two-point function S O6amp(z) is given by
S O6amp(z) = igs t
A
ac 
µ
ik
D
T
h
qkc(x)D
O6 AB
µ⌫ (z) q¯
l
d(0)
iE
igs tBdb 
⌫
l j
=  g2s tAac tBdb µik ⌫l j
D
T
h
qkc(0)D
O6 AB
µ⌫ (z) q¯
l
d(0)
iE
+ . . . .
(4.7)
Here gs denotes the QCD coupling constant, tA are the colour generators of SU(3) and we have
expanded the quark wave function to zeroth order using (A.7) to obtain the final result. The ob-
ject DO6 ABµ⌫ (z) entering (4.7) represents the Weinberg-induced correction of the gluon propagator.
Pictorially, one has
DO6 ABµ⌫ (z) = + . . . , (4.8)
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Figure 2. Contribution of the dimension-six einberg operator to the quark propagator. The dotted vertex
represents the operator insertion, the crosses indicate interactions with the background and the solid lines
depict quark propagators.
where Ck are so-called Wilson coefficients and 〈Qk〉 = 〈Ω|Qk|Ω〉 are vacuum matrix elements or
condensates of the operator Qk.
One important ingredient to evaluate (4.3) is the quark propagator on the CP-conserving back-
ground including insertions of the EM field and O6. In position space and suppressing colour and
spinor indices the sought propagator reads
S (x) = S (0)(x) + S q(x) + S O6(x) , (4.4)
where the first term is the free propagator for a massless quark and the second term describes
non-perturbative interactions with background quark fields. As shown in Appendix D at leading
order (LO) in the OPE these two quantities take the following form
S (0)(x) =
i/x
2pi2x4
, S q(x) = − 1
12
〈q¯q〉 , (4.5)
with 〈q¯q〉 ' −(0.25 GeV)3 [67, 68, 75] the quark condensate.
The effective operator O6 can be perturbatively inserted into the quark propagator [40]. The
corresponding Feynman diagram is shown in Figure 2. It follows that the Weinberg-induced con-
tribution to (4.4) can be written as
S O6(x) =
∫
d4z1d4z2 S (0)(x − z1)S O6amp(z1 − z2)S (0)(z2) , (4.6)
where the amputated two-point function S O6amp(z) is given by
S O6amp(z) = igs t
A
acγ
µ
ik
〈
T
[
qkc(x)D
O6 AB
µν (z) q¯
l
d(0)
]〉
igs tBdbγ
ν
l j
= −g2s tAac tBdbγµikγνl j
〈
T
[
qkc(0)D
O6 AB
µν (z) q¯
l
d(0)
]〉
+ . . . .
(4.7)
Here gs denotes the QCD coupling constant, tA are the colour generators of SU(3) and we have
expanded the quark wave function to zeroth order using (B.7) to obtain the final result. The ob-
ject DO6 ABµν (z) entering (4.7) represents the Weinberg-induced correction of the gluon propagator.
Pictorially, one has
DO6 ABµν (z) =
Figure 2. C ntribution of the dimension-six Weinberg operator to the quark propagator. The dotted vertex
represents the operator insertion, the crosses indicate interactions with the background and the solid lines
depict quark propagators.
where Ck are so-called Wilson coe cients and hQki = h⌦|Qk|⌦i are vacuum matrix elements or
condensates of the operator Qk.
One important ingredient to evaluate (4.3) is the quark propagator on the CP-conserving back-
ground including insertions of the EM field and O6. In position space and suppressing colour and
spinor indices the sought propagator reads
S (x) = S (0)(x) + S q(x) + S O6 (x) , (4.4)
where the first term is the free propagator for a massless quark and the second term describes
non-perturbative interactions with background quark fields. As shown in Appendix C at leading
order (LO) in the OPE these two quantities take the following form
S (0)(x) =
i/x
2⇡2x4
, S q(x) =  
12
hq¯qi , (4.5)
with hq¯qi '  (0.25GeV)3 [65, 66, 73] the quark condensate.
The e↵ective operator O6 can be perturbatively inserted into the quark propagator [38]. The
corresponding Feynman diagram is shown in Figure 2. It follows that the Weinberg-induced con-
tribution to (4.4) can be written as
S O6 (x) =
Z
d4z1d4 )(x z1)S
O6
amp(z1   z2)S (0)(z2) , (4.6)
where the amputated two-point function S 6amp(z) is given by
S O6amp(z) = igs t
A
ac 
µ
ik
D h
qkc(x)
O6 AB
µ⌫ (z) q¯
l
d(0)
iE
igs tBdb 
⌫
l j
=  g2s tAac tBdb ik ⌫l
D h
6 AB
µ⌫ (z) q¯
l
d(0)
iE
+ . .
(4.7)
Here gs denotes the QCD coupling constant, tA are the colour generators of SU(3) and we have
expanded the quark wave function to zeroth order using (A.7) to obtain the final result. The ob-
ject DO6 ABµ⌫ (z) entering (4.7) represents the einberg-induced correction of the gluon propagator.
Pictorially, one has
DO6 ABµ⌫ (z) + . . . , (4.8)
– 8 –
. . . , (4.8)
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where the dotted vertex represents the insertion of the operator O6 and the cross indicates interac-
tions with the classic background.
In order to determine the form of (4.8) we rely on standard background field techniques. We
start by writing the dimension-six Weinberg operator of (1.1) in a more convenient form, namely
as (see for instance [55, 56, 58])
O6 = − i16 f
ABC T µνρλστGAµνG
B
ρλG
C
στ , (4.9)
where T µνρλστ denotes the following trace
T µνρλστ =
i
2
Tr
(
σµνσρλσστγ5
)
. (4.10)
Notice that this tensor is anti-symmetric under µ ↔ ν, etc. as well as µν ↔ ρλ etc. By splitting
the original gluon field GAµ = G¯
A
µ + Gˆ
A
µ into a classical field G¯
A
µ and quantum field Gˆ
A
µ , one can then
expand the QCD field strength tensor around its classical configuration to obtain
GAµν = G¯
A
µν + D¯µGˆ
A
ν − D¯νGˆAµ + gs f ABCGˆBµGˆCν , D¯µGˆAν = ∂µGˆAν + gs f ABCG¯BµGˆCν . (4.11)
When one now expands (4.9) using (4.11), one is only interested in terms that are linear in G¯Aµ and
bilinear in GˆAµ . Using the anti-symmetric properties of f
ABC and that of (4.10), we find that the
relevant terms are
O6 = −3i2 f
ABC T µνρλστ ∂µG¯Aν ∂ρGˆ
B
λ∂σGˆ
C
τ + . . . . (4.12)
Employing the result (4.12) one can now calculate the Weinberg-induced corrections (4.8) to
the gluon propagator. By performing all possible contractions of the time-ordered product, we
obtain the expression
DO6 ABµν (z) =
∫
d4y
〈
T
[
GˆAµ (z)Gˆ
B
ν (0) iO6(y)
]〉
=
3
2
f CDETαβγδϕpi
∫
d4y
{
∂
y
αG¯
C
β (y)
[
∂
y
γD
(0)AD
µδ (z − y)∂yϕD(0)BEνpi (y)
+ ∂
y
ϕD
(0)AE
µpi (z − y)∂yγD(0)BDνδ (y)
] }
,
(4.13)
where D(0)ABµν (x) denotes the free gluon propagator in position space. In Feynman gauge it takes the
following simple form
D(0)ABµν (x) =
∫
d¯4 p e−ipx
[
−iδAB gµν
p2
]
=
1
4pi2x2
δABgµν , (4.14)
a result that can be gleaned by inspection of (E.3). Here gµν = diag (1,−1,−1,−1) denotes the
Minkowski metric and we have introduced the abbreviation d¯4 p = dp4/(2pi)4.
In order to simplify (4.13) we use the following two relations
∂µG¯Aν (x) =
1
2
GAµν(0) + . . . , ∂µD
(0)AB
νρ (x) = −δABgνρ
∫
d¯4 p e−ipx
pµ
p2
, (4.15)
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which follow from the expansion (B.6) and the explicit form (4.14) of the free gluon propagator in
momentum space, respectively. Using (4.15) yields
DO6 ABµν (z) = −34 f
ABCGCαβ(0)
∫
d4yd¯4 pd¯4qe−ip(z−y)e−iqy
[
Tαβγµϕν
pγqϕ
p2q2
− Tαβγνϕµ pϕqγ
p2q2
]
= −3
2
f ABCGCαβ(0) T
αβγµϕν
∫
d¯4 pe−ipz
pγpϕ
p4
=
3i
8pi2
f ABCGCαβ(0) T
αβγµϕν 1
z4
[
zγzϕ − gγϕ2 z
2
]
,
(4.16)
where in the last step we have employed the Fourier integral given in (E.6).
Plugging this into (4.7) we find
S O6amp(z) = −3igs8pi2 f
ABCtAac t
B
dbγ
µ
ikγ
ν
l j 〈qkc(0)gsG¯Cαβ(0)q¯ld(0)〉 Tαβγµϕν
1
z4
[
zγzϕ − gγϕ2 z
2
]
=
igs
512pi2
f ABC (tA tC tB)ab (γµσαβγν)i j Tαβγµϕν
1
z4
[
zγzϕ − gγϕ2 z
2
]
〈q¯gsσ ·Gq〉
=
3igsδab
32pi2 z2
γ5i j 〈q¯gsσ ·Gq〉 .
(4.17)
Here we have used that the non-perturbative quark-gluon condensate appearing in the first line
simplifies as follows (see for instance [73, 76])
〈qkc(0)gsG¯Cαβ(0)q¯ld(0)〉 = −
1
192
σklαβ t
C
cd 〈q¯gsσ ·Gq〉 , (4.18)
with σ ·G = σµνGA µνtA. Furthermore, the colour factor in the second line evaluates to
f ABC (tA tC tB)ab = − i2 CACF δab , (4.19)
with the Casimir operators given by CA = 3 and CF = 4/3 for SU(3).
From (E.9) one sees that the Fourier transform of (4.17) reads
S O6amp(p) =
3gs
8p2
γ5 〈q¯gsσ ·Gq〉 , (4.20)
where we have dropped colour and spinor indices. Inserting this result into (4.6) leads to
S O6(x) =
3gs
8
〈q¯gsσ ·Gq〉
∫
d4z1d4z2d¯4 pd¯4qd¯4r ei(q−p)z1ei(p−r)z2e−iqx
/qγ5/r
q2 p2r2
= −3gs
8
γ5 〈q¯gsσ ·Gq〉
∫
d¯4 p e−ipx
1
p4
=
3gs
128pi2
iγ5 〈q¯gsσ ·Gq〉 ln
−µ2IRx24
 . (4.21)
To arrive at the final result we have made used of the Fourier integral (E.4) dropping infrared (IR)
poles and constant pieces, because such terms vanish after Borel transformation. The appearance
of the scale µIR signals that the O6 contribution to (4.3) will depend logarithmically on an IR cut-
off. Notice finally that the second result in (4.21) implies that the Weinberg-induced correction to
the quark propagator takes the following form in momentum space
S O6(p) = − 3gs
8p4
γ5 〈q¯gsσ ·Gq〉 . (4.22)
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This result agrees up to a factor of i with the corresponding expression reported in [40] after taking
into account that the definition of O6 used in this paper differs from the one employed in (1.1) by a
factor of 1/3.
4.3 OPE including the Weinberg operator
In terms of (4.4) and
S c(x) = CS T (x)C = S (0)(x) − S q(x) − S O6(x) , (4.23)
the general form of the correlator (4.3) can be written as
ΠOPE(q2) = 24i
∫
d4x eiqx
{
Tr
(
S cγ5S γ5
)
S + S γ5S cγ5S
+ β
[
Tr
(
S cS γ5
)
γ5S + γ5S γ5S cS + Tr
(
S cγ5S
)
S γ5 + S S cγ5S γ5
]
+ β2
[
Tr
(
S cS
)
γ5S γ5 + γ5S S cS γ5
]}
,
(4.24)
where we have performed all possible Wick contractions. Here β is the real parameter that appears
in our definiton (4.1) of the interpolating current for the neutron.
We are only interested in the LO result of the OPE, in other words in terms that are linear either
in the quark condensate (4.5) or the Weinberg-induced correction (4.21) to the quark propagator.
The relevant contributions are given by the following expression
ΠOPE(q2) = −24i
∫
d4x eiqx
[
S (0)(x)
]2 [
fq(β) S q(x) + fO(β) S O6(x)
]
, (4.25)
with
fq(β) = 7 − 2β − 5β2 , fO(β) = 5 + 2β − 7β2 . (4.26)
This result can be interpreted in terms of the two Feynman diagrams depicted in Figure 3. The
left graph shows the S q(x) part of (4.25) which corresponds to a one-loop diagram because the
background quark fields are non-dynamical. The right diagram has instead a dynamically and
perturbative gluon that closes the second loop. In the case of the S O6(x) correction one therefore
has to deal with a two-loop contribution.
To evaluate (4.25) we now parameterise the mixed quark-gluon condensate as [77]
〈q¯gsσ ·Gq〉 = m20 〈q¯q〉 , (4.27)
where m20 ' 0.8 GeV2 is a QCD parameter. Inserting (4.5) and (4.21) into (4.25), we then find
ΠOPE(q2) =
6i 〈q¯q〉
pi4
∫
d4x eiqx
1
x6
− fq(β)12 + 3gs m
2
0 fO(β)
128pi2
ln
−µ2IRx24
 iγ5
=
q2
16pi2
fq(β) ln
−µ2UVq2
 〈q¯q〉 1 − 9gs m2032pi2 fO(β)fq(β) ln
−µ2IRq2
 iγ5 .
(4.28)
Here we have used the Fourier integrals given in (E.10) and (E.12), respectively, to obtain the
second line.
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Figure 3. One-loop and two-loop contributions to the OPE correlation function (4.25). Insertions of the
interpolating currents ⌘(x) or ⌘¯(0) are denoted by circled crosses. The lower quark lines correspond to
the free propagator S (0)(x) of a massless quark, while the crosses indicate interactions with either quark or
gluon background fields. In the right graph the dotted vertex represents the insertion of the Weinberg-type
operator O6.
4.4 Matching and discussion
In order to derive the sum rules for the O6 contribution to the nEDM, we match the phenomenolog-
ical and the OPE correlators, i.e. we set (3.18) and (4.28) equal and determine the coe cient r(q2)
that appears in front of the i 5 term in ⇧phen(q2). After Borel transformation and identifying the IR
cut-o↵ with the QCD scale, we obtain
r6( ) =
9gsm20
32⇡2
fO( )
fq( )
ln
0BBBBB@ M2
⇤2QCD
1CCCCCA . (4.29)
With this result at hand, we now discuss the appropriate choice for the mixing parameter  
introduced in (4.1) for our sum rule. There are two commonly used ways for fixing this parameter:
(i) at a value where the leading terms of the OPE are stationary under variations of   or (ii) at a
point that maintains a balance between OPE convergence and contributions of excited states. Both
method are not applicable in our case, because (i) the result (4.29) does not possess an extremum
and (ii) contributions of excited states have been ignored in our sum rule (cf. Section 3.2). The
procedure advocated in [33, 35, 58, 59] where   is chosen such that subleading IR logarithms are
cancelled in the QCD ✓-term and CEDM contributions to the nEDM is also not useful, since in the
OPE side (4.28) of our sum rule IR logarithms appear already at LO.
Our choice of   is instead based on the observation that the function fq( ) introduced in (4.26)
appears in the numerator of Io↵e’s formula [76], which for arbitrary   takes the following form [71]
mn =  7   2    5 
2
5 + 2  + 5 2
4 (2⇡)2
M2
hq¯qi . (4.30)
This relation connects the neutron mass mn to the quark condensate hq¯qi. While it is not an exact
relationship, one observes that for   = 1, Io↵e’s formula (4.30) predicts mn = 0 in gross disagree-
ment with observation. For the second standard choice of the mixing parameter, i.e. the so-called
Io↵e interpolating current with   =  1, one instead has mn ' 1.2GeV3/M2 if the numerical value
hq¯qi '  (0.25GeV)3 for the quark condensate is used. For   =  1 and a Borel mass of M ' 1GeV,
the formula (4.30) thus predicts a neutron mass that is in the ballpark of the experimental measured
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Figure 3. One-loop and two-loop contributions to the OPE correlation function (4.25). Insertions of the
interpolating currents η(x) or η¯(0) are denoted by circled crosses. The lower quark lines correspond to
the free propagator S (0)(x) of a massless quark, while the crosses indicate interactions with either quark or
gluon background fields. In the right graph the dotted vertex represents the insertion of the Weinberg-type
operator O6.
4.4 Matching and discussion
In order to derive the sum rules for the O6 contribution to the nEDM, we match the phenomenolog-
ical and the OPE correlators, i.e. we set (3.18) and (4.28) equal and determine the coefficient r(q2)
that appears in front of the iγ5 term in Πphen(q2). After Borel transformation and identifying the IR
cut-off with the QCD scale, we obtain
r6(β) =
9gs m20
32pi2
fO β
fq(β)
ln
 M2
Λ2QCD
 . (4.29)
With this result at hand, we now discuss the appropriate choice for the mixing parameter β
introduced in (4.1) for our sum rule. There are two commonly used ways for fixing this parameter:
(i) at a value where the leading terms of the OPE are stationary under variations of β or (ii) at a
point that maintains a balance between OPE convergence and contributions of excited states. Both
methods are not applicable in our case, because (i) the result (4.29) does not possess an extremum
and (ii) contributions of excited states have been ignored in our sum rule (cf. Section 3.2). The
procedure advocated in [35, 37, 60, 61] where β is chosen such that subleading IR logarithms are
cancelled in the QCD θ-term and CEDM contributions to the nEDM is also not useful, since in the
OPE side (4.28) of our sum rule IR logarithms appear already at LO.
Our choice of β is instead based on the observation that the function fq(β) introduced in (4.26)
appears in the numerator of Ioffe’s formula [78], which for arbitrary β takes the following form [73]
mn = −7 − 2β − 5β
2
5 + 2β + 5β2
4 (2pi)2
M2
〈q¯q〉 . (4.30)
This relation connects the neutron mass mn to the quark condensate 〈q¯q〉. While it is not an exact
relationship, ne observes that for β = 1, Ioffe’s formula (4.30) predicts mn = 0 i gross disagree-
ment with observation. For the second standard choice of the mixing parameter, i.e. the so-called
Ioffe interpolating current with β = −1, one instead has mn ' 1.2 GeV3/M2 if the numerical value
〈q¯q〉 ' −(0.25 GeV)3 for the quark condensate is used. For β = −1 and a Borel mass of M ' 1 GeV,
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the formula (4.30) thus predicts a neutron mass that is in the ballpark of the experimental measured
value mn ' 0.94 GeV. We conclude from this that the appropriate choice for the mixing parameter
in the case of our sum rule (4.28) is β = −1. In fact, this choice is the one that has been employed
in essentially all CP-even sum rules [77–79], including the sum-rule calculations of the anomalous
magnetic moment µn of the neutron [63, 64, 80, 81]. We believe that the Ioffe interpolating current
has also been used in [40].
5 OPE calculation for the dimension-eight operators
5.1 Weinberg contribution to the quark propagator
In this section, we derive the contribution to the nEDM from the dimension-eight Weinberg oper-
ator O8 introduced in (1.1). Like in Section 4.2 we will treat the CP-violating four-gluon operator
as a perturbative insertion into the quark propagator. The corresponding Feynman graph is shown
in Figure 4. In analogy to (4.4), (4.6) and (4.7) we write
S (x) = S (0)(x) + S q(x) + S O8(x) , (5.1)
and
S O8(x) =
∫
d4z1d4z2 S (0)(x − z1)S O8amp(z1 − z2)S (0)(z2) , (5.2)
with
S O8amp(z) = −g2s tAac tBdbγµikγνl j
〈
T
[
qkc(0)D
O8 AB
µν (z) q¯
l
d(0)
]〉
+ . . . . (5.3)
The explicit LO expressions for S (0)(x) and S q(x) can be found in (4.5). The function DO8 ABµν (z)
in (5.3) corresponds to the correction of the gluon propagator due to an insertion of O8, namely
DO8 ABµν (z) =
value mn ' 0.94GeV. We conclude from this that the appropriate choice for the mixing parameter
in the c se of our sum rule (4.28) is   =  1. I fact, this choice is the one that has been employed
in essentially all CP-even sum rules [75–77], including the sum-rule calculations of the nomalous
m gnetic moment µn of the neutron [61, 62, 78, 79]. We believe that the Io↵e interpolating current
has also been used in [38].
5 OPE calculation for the dimension-eight operators
5.1 Weinberg contribution to the quark propagator
In this section, we derive the contribution to the nEDM from the dimension-eight Weinberg oper-
ator O8 introduced in (1.1). Like in Section 4.2 we will treat the CP-violating four-gluon operator
as a perturbative insertion into the quark propagator. The corresponding Feynman graph is shown
in Figure 4. In analogy to (4.4), (4.6) and (4.7) we write
S (x) = S (0)(x) + S q(x) + S O8 (x) , (5.1)
and
S O8 (x) =
Z
d4z1d4z2 S (0)(x   z1)S O8amp(z1   z2)S (0)(z2) , (5.2)
with
S O8amp(z) =  g2s tAac tBdb µik ⌫l j
D
T
h
qkc(0)D
O8 AB
µ⌫ (z) q¯
l
d(0)
iE
+ . . . . (5.3)
The explicit LO expressions for S (0)(x) and S q(x) can be found in (4.5). The function DO8 ABµ⌫ (z)
in (5.3) corresponds to the correction of the gluon propagator due to an insertion of O8, namely
DO8 ABµ⌫ (z) + . . . . (5.4)
To determine the analytic expression corresponding to (5.4), we proceed as in Section 4.2 and
write the operator O8 in the more convenient form
O8 =
i
16
cABCD T µ⌫ ⇢1 T
↵   
2 G
A
µ⌫G
B
 ⇢G
C
↵ G
D
   , (5.5)
with
T µ⌫ ⇢1 =
i
2
Tr
⇣
 µ⌫  ⇢
⌘
, T↵   2 =
i
2
Tr
⇣
 ↵     5
⌘
. (5.6)
These traces are anti-symmetric under the exchanges µ $ ⌫ etc. but symmetric under the exchanges
µ⌫ $  ⇢ etc. The e↵ective operator O8 is then expanded in terms of partial derivatives and gluon
fields using (4.11). Picking out the terms that are bilinear in both the background field G¯Aµ and the
quantum field GˆAµ , we obtain
O8 = i cABCD T
µ⌫ ⇢
1 T
↵   
2
h
@µG¯A⌫ @ G¯
B
⇢ @↵Gˆ
C
  @ Gˆ
D
  + @µG¯
A
⌫ @ Gˆ
B
⇢ @↵G¯
C
  @ Gˆ
D
 
+ . . . + @µGˆA⌫ @ Gˆ
B
⇢ @↵G¯
C
  @ G¯
D
 
i
+ . . . ,
(5.7)
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. . . . (5.4)
To determine the analytic expression corresponding to (5.4), we proceed as in Section 4.2 and
write the operator O8 in the more convenient form
O8 =
i
16
cABCD µνλρ1
αβγδ
2
A
µν
B
λρG
C
αβG
D
γδ , (5.5)
with
T µνλρ1 =
i
2
Tr
(
σµνσλρ
)
,
αβγδ i
2
Tr
(
σαβσγδγ5
)
. (5.6)
Thes traces are anti-sym etric under the e ↔ ν etc. but symmetric under th exchanges
µν ↔ λρ etc. The ffective operator O8 is t in terms of partial derivatives and gluon
fields using (4.11). Picking out the ter s that are bilinear in both the background field G¯Aµ and the
quantum field GˆAµ , we obtain
O8 = i cABCD T
µνλρ
1 T
αβγδ
2
[
∂µG¯Aν ∂λG¯
B
ρ∂αGˆ
C
β ∂γGˆ
D
δ + ∂µG¯
A
ν ∂λGˆ
B
ρ∂αG¯
C
β ∂γGˆ
D
δ
+ . . . + ∂µGˆAν ∂λGˆ
B
ρ∂αG¯
C
β ∂γG¯
D
δ
]
+ . . . ,
(5.7)
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Figure 4. Contribution of the dimension-eight Weinberg operator to the quark propagator. The operator
insertion corresponds to the dotted vertex, interactions with the background are represented by crosses and
quark propagators are depicted by solid lines.
where the ellipses in the bracket represent the other three terms that are quadratic in G¯Aµ and Gˆ
A
µ .
With the expression (5.7) at hand it is a matter of simple algebra to calculate (5.4). Using the
relations in (4.15) we find
DO8 ABµ⌫ (z) =
Z
d4y
D
T
h
GˆAµ (z)Gˆ
B
⌫ (0) iO8(y)
iE
=  4i cCDEF
Z
d¯4pe ipz
1
p4
 ⇣
 AD BF G˜E⌫ G
C
µ⇢ +  
AF  BDG˜Eµ G
C
⌫⇢
⌘
p p⇢ + . . .
  1
2
⇣
 AC  BD +  AD BC
⌘
G˜E · GF
⇣
pµp⌫   gµ⌫p2
⌘  
.
(5.8)
Here we have used the shorthand notation G˜A · GB = G˜Aµ⌫GBµ⌫ and all field strength tensors and
duals are evaluated at 0. The ellipses represent three additional terms that have a structure that is
similar to that of the contribution proportional to p p⇢.
Inserting (5.8) into (5.3) it then turns out that to obtain the amputated two-point function
S O8amp(z), one has to calculate objects of the form
MAB ⇢ = t
A
ac t
B
db 
µ
ik 
⌫
l j X
CD
D
qkc(0)g
2
s G˜
C
µ (0)G
D
⌫⇢(0) q¯
l
d(0)
E
,
NABµ⌫ = t
A
ac t
B
db 
µ
ik 
⌫
l j X
CD
D
qkc(0)g
2
s G˜
C(0) · GD(0) q¯ld(0)
E
,
(5.9)
where XCD is a symmetric tensor in colour space. To achieve this we expand the quark current in
terms of the set of basis matrices
 n =
n
1,  5,  ↵, i 5 ↵, ↵ 
o
, (5.10)
using the Fierz identity (see for instance [80, 81])
qia q¯
l
d =  
 ad
12
 iln
 
q¯ nq
    tCad
2
 iln
 
q¯tC nq
 
. (5.11)
In the case of the structure MAB ⇢ , we obtain
MAB ⇢ =  
µ n 
⌫
"
  t
AtB
12
XCD
D
q¯ nqg2s G˜
C
µ G
D
⌫⇢
E
  t
AtEtB
2
XCD
D
q¯tE nqg2s G˜
C
µ G
D
⌫⇢
E#
, (5.12)
where a sum over the five di↵erent Lorentz structures in (5.10) is implicit.
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Figure 4. Contribution of the dimension-eig t i r perator to the quark propagator. The operator
insertion corresponds to the dotted vertex, interactions ith the background are represented by crosses and
quark propagators are depicted by solid lines.
where the ellipses in the bracket represent the other three terms that are quadratic in G¯Aµ and Gˆ
A
µ .
With the expression (5.7) at hand it is a matter of simple algebra to calculate (5.4). Using the
relations in (4.15) we find
DO8 ABµν (z) =
∫
d4y
〈
T
[
GˆAµ (z)Gˆ
B
ν (0) iO8(y)
]〉
= −4i cCDEF
∫
d¯4 pe−ipz
1
p4
[ (
δADδBF G˜EνλG
C
µρ + δ
AF δBDG˜EµλG
C
νρ
)
pλpρ + . . .
− 1
2
(
δAC δBD + δADδBC
)
G˜E ·GF
(
pµpν − gµνp2
) ]
.
(5.8)
Here we have used the shorthand notation G˜A · GB = G˜AµνGBµν and all field strength tensors and
duals are evaluated at 0. The ellipses represent three additional terms that have a structure that is
similar to that of the contribution proportional to pλpρ.
Inserting (5.8) into (5.3) it then turns out that to obtain the amputated two-point function
S O8amp(z), one has to calculate objects of the form
MABλρ = t
A
ac t
B
dbγ
µ
ikγ
ν
l j X
CD
〈
qkc(0) g
2
s G˜
C
µλ(0)G
D
νρ(0) q¯
l
d(0)
〉
,
NABµν = t
A
ac t
B
dbγ
µ
ikγ
ν
l j X
CD
〈
qkc(0) g
2
s G˜
C(0) ·GD(0) q¯ld(0)
〉
,
(5.9)
where XCD is a symmetric tensor in colour space. To achieve this we expand the quark current in
terms of the set of basis matrices
Γn =
{
1, γ5, γα, iγ5γα, σαβ
}
, (5.10)
using the Fierz identity (see for instance [82, 83])
qia q¯
l
d = −
δad
12
Γiln
(
q¯Γn q
) − tCad
2
Γiln
(
q¯tCΓnq
)
. (5.11)
In the case of the structure MABλρ , we obtain
MABλρ = γ
µΓnγ
ν
[
− t
AtB
12
XCD
〈
q¯Γn qg2s G˜
C
µλG
D
νρ
〉
− t
AtEtB
2
XCD
〈
q¯tE Γn qg2s G˜
C
µλG
D
νρ
〉]
, (5.12)
where a sum over the five different Lorentz structures in (5.10) is implicit.
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Recalling from (4.17) that we are only interested in the pieces of S O8amp(z) that are proportional
to iγ5 it is readily seen that these contributions all arise from the term
γµγ5γ
ν = −gµνγ5 + 12 
µνλρσλρ , (5.13)
in the above expression for MABλρ . The colour factors appearing in (5.12) can be decomposed in the
following way
tAtB =
1
6
δAB +
1
2
dABCtC +
i
2
f ABCtC ,
tAtCtB =
1
12
dABC − i
12
f ABC +
1
6
δBCtA +
1
4
(
dBCD − i f BCD
) (
dADE + i f ADE
)
tE ,
(5.14)
with
dABC = 2 Tr
[
tA
{
tB, tC
}]
, (5.15)
the totally symmetric structure constants of SU(3) colour. Realising that only the structures that are
proportional to δAB and dABC in (5.14) can lead to SU(3) invariant condensates, we find that the
terms relevant for our sum-rule calculation of the O8 contributions are
MABλρ = −gµν γ5
[
−δ
AB
72
XCD
〈
q¯γ5 qg2s G˜
C
µλG
D
νρ
〉
− d
ABE
24
XCD
〈
q¯tEγ5 qg2s G˜
C
µλG
D
νρ
〉]
+ . . .
= gλργ5
[
δAB
288
XCD
〈
QCD
〉
+
dABE
96
XCD
〈
QECD
〉]
+ . . . .
(5.16)
Here we have used the identity
XABG˜AµλG
Bµ
ρ =
1
4
gλρXABG˜A ·GB , (5.17)
that holds for any symmetric XAB and introduced the following shorthand notation〈
QAB
〉
=
〈
q¯γ5 qg2s G˜
A ·GB
〉
,
〈
QABC
〉
=
〈
q¯tAγ5 qg2s G˜
B ·GC
〉
(5.18)
for the two types of condensates appearing in (5.16). A calculation similar to the one detailed above
leads to
NABµν = g
µν γ5
[
δAB
72
XCD
〈
QCD
〉
+
dABE
24
XCD
〈
QECD
〉]
+ . . . . (5.19)
To determine the expression (5.3), we finally specify the possible colour structures cABCD that
appear in the definition (1.1) of O8. There are in fact three independent CP-violating four-gluon
operators [54, 57, 58] and the corresponding colour structures can be chosen to be
cABCDm =
{
δABδCD, δAC δBD, dABE dCDE
}
. (5.20)
Notice that these coefficients are symmetric under the simultaneous exchange of A↔ B and C ↔ D
and the pairwise exchange AB ↔ CD. Using (5.16), (5.19) and the properties of cABCD, we find
that (5.3) can be written as follows
S O8amp(z) = − 172pi2 z2 γ5
[
cAB
〈
QAB
〉
+ cABC
〈
QABC
〉 ]
, (5.21)
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with the new colour structures
cAB = cACBC + cACCB + 3cABCC , cABC = 3dCDE
(
cADBE + cADEB + 3cABDE
)
. (5.22)
In fact, using the identities (see for instance [84])
dACD dBCD =
C2A − 4
CA
δAB , dADE dBDF dCEF =
C2A − 12
2CA
dABC , (5.23)
it is a matter of simple algebra to show that for the three colour structures in (5.20) the coeffi-
cients (5.22) take the explicit form
cAB = c1δAB , cm1 =
{
26, 12,
10
3
}
, cABC = c2 dABC , cm2 = {6, 12, 12} . (5.24)
A comparison of (5.21) with (4.17) and (4.21) then implies that the Weinberg-induced correc-
tion (5.2) to the quark propagator in position space can be written as
S O8(x) =
1
288pi2
iγ5
[
c1
〈
q¯iγ5 qg2s G˜ ·G
〉
+ c2
〈
q¯tA iγ5 qg2s dABC G˜
B ·GC
〉 ]
ln
−µ2IRx24
 , (5.25)
with the coefficients c1 and c2 given in (5.24). Notice that the dimension-seven condensates ap-
pearing in (5.25) are the only non-zero matrix elements that can be constructed out of two quark
fields, a QCD field strength tensor and its dual [85, 86]. This finding provides a sanity check of the
calculations leading to S O8(x).
5.2 OPE correlator, matching and discussion
To determine the OPE correlator (4.3) corresponding to the dimension-eight Weinberg-type oper-
ator O8, we also need values for the two condensates in (5.25). The only estimates that exist at
present are based on the instanton liquid model [68, 87–90]. One obtains [86]〈
q¯iγ5 qg2s G˜ ·G
〉
=
64
5ρ¯4
〈q¯q〉 ,
〈
q¯tA iγ5 qg2s dABC G˜
B ·GC
〉
=
32
15ρ¯4
〈q¯q〉 . (5.26)
In the diluted instanton gas model, the quark condensate is given by
〈q¯q〉 = − 3mq
2pi2 ρ¯2
, (5.27)
where mq ' ΛQCD ' 0.3 GeV denotes the constituent quark mass and ρ¯ ' 1/(0.6 GeV) is the
average instanton size. Notice that for the quoted values of mq and ρ¯ one finds 〈q¯q〉 ' −(0.25 GeV)3
in agreement with the standard value for the quark condensate [67, 68, 75].
Noticing that after employing the relations (5.26) the structure of (5.25) and (4.21) are pre-
cisely the same, the derivation of ΠOPE(q2) and the matching of the phenomenological and the
OPE correlators for O8 proceeds as in Sections 4.3 and 4.4, respectively. In particular, for the
coefficient r(q2) that multiplies the iγ5 term in (3.18), we obtain
r8(β) =
4 (6c1 + c2)
45pi2 ρ¯4
fO(β)
fq(β)
ln
 M2
Λ2QCD
 , (5.28)
with the functions fq(β) and fO(β) defined in (4.26). Like in the case of O6, we will employ β = −1
in our numerical analysis of the O8 matrix elements, since this is the appropriate choice for our
sum-rule calculations (cf. the discussion at the end of Section 4.4).
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6 Numerical analysis
6.1 Dimension-six contribution
Using β = −1 and inserting (4.29) into (3.19), we obtain the following expression for the contribu-
tion of the dimension-six Weinberg operator to the nEDM
(
dn
)
O6 = −µn
9gs m20
32pi2
ln
 M2
Λ2QCD
 , (6.1)
which differs by the analytic result given in [40] by a sign.
In our numerical analysis we use
µn = −1.91 e2mp = −1.02
e
GeV
, gs =
√
4piαs = 2.13 ± 0.03 ,
(6.2)
m20 = (0.8 ± 0.2) GeV2 ,
M
ΛQCD
∈ √2 [1, 2] ,
where the input values and errors of µn, mp, gs and m20 are taken from [67, 68, 70, 75] and the
strong coupling constant corresponds to a LO αs evaluated at a renormalisation scale of 1 GeV.
We note that our choice M ∈ √2 [1, 2] ΛQCD ' [0.42, 0.85] GeV covers the full range of Borel
masses that has been considered in the related sum-rule calculations of the QCD θ-term and CEDM
contributions to the nEDM [35, 37, 60, 61].
With the input given in (6.2) we find from (6.1) the following numerical result(
dn
e
)
O6
= 74 (1 ± 0.5) MeV , (6.3)
where the individual uncertainties have been added in quadrature to obtain the final relative error
of 50%. The dominant source of uncertainty in our prediction for (dn/e)O6 arises from the variation
of the scale ratio M/ΛQCD and amounts to almost 90% of the total error given above. We add
that the quoted total uncertainty in (6.1) is larger than the naive expectation of the size of the
sum-rule contributions due to excited states (cf. the discussion at the end of Section 3.2) and that
the sum-rule predictions for the down-quark and up-quark CEDMs [35, 37] are also accurate to
about 50%. Notice that the central value of our prediction (6.1) differs by a factor of roughly 1/3
from the numerical result presented in [40]. Here a factor of 1/3 is accounted for by the different
normalisation of the effective operator O6, while the flipped overall sign in (6.1) is compensated by
the fact that in the latter article the incorrect relation µn = 1.91 e/(2mp) has been used to obtain a
numerical result.
6.2 Dimension-eight contributions
Inserting (5.28) into (3.19), we find for the Ioffe interpolating current, i.e. β = −1, the following
expression for the nEDM contribution of the dimension-eight Weinberg operators
(
dn
)m
O8 = −µn
72
5pi2 ρ¯4
ln
 M2
Λ2QCD
 {1, 1427 , 1681
}
, (6.4)
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where the numbers in the curly bracket correspond to the three different colour structures in (5.20).
The average instanton size that enters (6.4) can be determined in various ways. Including the
value of ρ¯ that allows one to reproduce the phenomenological values of the quark and gluon con-
densates [87], that is obtained through variational techniques and the mean field approximation [88]
and that is found in LQCD calculations [91–96], we arrive at the combination
ρ¯ =
1
(0.58 ± 0.09) GeV . (6.5)
This prediction has an uncertainty of 15%, which we believe to be a rather conservative error in
view of the results given in [87, 88, 91–96].
In order to obtain a numerical result for the O8 contribution to the nEDM, we use the input
given in (6.2) and (6.5). Adding individual uncertainties in quadrature we find(
dn
e
)m
O8
= 2.5 · 10−1 (1 ± 0.8) GeV3
{
1, 0.5, 0.2
}
. (6.6)
Here the dominant source of uncertainty stems again from the variation of M/ΛQCD and amounts
close to 60% of the quoted total error of 80%.
7 Conclusions
In this work, we have calculated the hadronic matrix elements of dimension-six and dimension-
eight operators of Weinberg type (1.1) using QCD sum-rule techniques. Calculations along the
same line of the dimension-four and dimension-five contributions to the nEDM, i.e. the QCD θ-
term and CEDMs, have been performed in [35–37, 60, 61]. A sum-rule estimate of the dimension-
six Weinberg operator O6 also exists [40], but this article does not provide details on the actual
computation, which motivated us to carry out an independent evaluation. Our determination of
the hadronic matrix elements of the dimension-eight term O8 is instead new, and provides the first
systematic study of contributions to dn due to CP-violating four-gluon operators. The main results
of our article, i.e. the numerical expressions (6.3) and (6.6), will be used in a companion paper [59]
to derive model-independent bounds on CP-violating Higgs-gluon interactions in BSM scenarios
with vanishing light-quark Yukawa couplings.
Our sum-rule estimates are based on the observation [39, 40] that the Weinberg-type contri-
butions to the nEDM can be obtained by calculating the iγ5 rotation of the nucleon wave function
induced by (1.1) and relating it to the corresponding rotation of the neutron anomalous magnetic
moment µn. In this approximation only diagrams are included that factorise into a propagator with
a CP-violating mass insertion and into a part that couples to the external photon field, while non-
factorisable vertex corrections are neglected (see Figure 1). In addition, we neglect contributions
from excited neutron-like states N′ in our estimates. These simplifications lead to uncertainties in
our predictions that we estimate to be of the order of 35% using Borel techniques. The OPE com-
putation of the dimension-six and dimension-eight sum rules is described in detail, and includes
a discussion of the matching and the appropriate choice of the neutron-interpolating current. The
final analytic expressions for the O6 and O8 contributions to dn are reported in (6.1) and (6.4),
respectively, and our result for
∣∣∣(dn)O6 ∣∣∣ is found to agree with that given in [40]. The hadronic
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matrix elements of the Weinberg-type operators turn out to be logarithmically sensitive to the ratio
M/ΛQCD of the Borel mass and the QCD scale. This IR sensitivity provides the dominant theoreti-
cal uncertainty of our predictions. By varying M/ΛQCD in the range
√
2 [1, 2] we find uncertainties
close to 45%, which exceeds the size of the expected effects from vertex diagrams and excited
states. Adding individual errors in quadrature the total uncertainties of our numerical predictions
for (dn/e)O6 and (dn/e)O8 are 50% and 80%. Sum-rule studies of the θ-term and CEDM contribu-
tions to the nEDM [35–37, 60, 61] have also found uncertainties of a similar magnitude.
While our sum-rule estimates of the dn contributions due to the dimension-six and dimension-
eight operators of Weinberg type (1.1) have sizeable uncertainties, we believe that they are more
robust than other existing determinations that are based on NDA [38] or the VIA [39]. In particular,
in the sum-rule approach there is no sign ambiguity between the prediction for dn and the hadronic
matrix elements of O6 and O8 — see for instance [6, 13, 15, 18, 21] for EDM studies that allow for
both signs of the O6 contribution. To find out whether our sum-rule estimates are reliable would
require first-principle calculations of the nEDM, which are in principle possible using existing
LQCD methodology. While such calculations have gained significant momentum [41–48], LQCD
simulations involving Weinberg-type operators are challenging [49, 50], and it remains to be seen
which accuracy such computations can achieve in the near future. Till then phenomenological
studies of hadronic EDMs have to rely on the predictions (6.3) and (6.6) despite all their limitations.
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A Weinberg-type contributions to the pEDM
Below we provide numerical expressions for the dimension-six and dimension-eight Weinberg-
type contributions to the pEDM. Since the arguments given in Section 3 for the case of the neutron
also apply to the proton, the pEDM dp and the magnetic moment of the proton µp are related
by dp = µp r(q2). The function r(q2) is then found by matching the phenomenological ansatz to
the OPE calculation, where the neutron-interpolating current (4.1) has to be replaced by a proton-
interpolating current. In fact, the proton-interpolating current is simply obtained from (4.2) by
interchanging down-quark and up-quark fields, and in the limit of massless quarks the results (4.24)
and (4.25) can be shown to hold in the case of the proton as well. As a result the function r(q2)
that appears in (3.19) and in dp = µp r(q2) is the same. The analytic results for the O6 and O8
contributions to dp can therefore be derived from (6.1) and (6.4), respectively, by replacing µn
with µp. Experimentally, one has [70]
µp = 2.79
e
2mp
= −1.46µn = 1.49 eGeV , (A.1)
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and it thus follows that in the case of the pEDM the numerical results (6.3) and (6.6) read(
dp
e
)
O6
= −109 (1 ± 0.5) MeV , (A.2)
(
dp
e
)m
O8
= −3.7 · 10−1 (1 ± 0.8) GeV3
{
1, 0.5, 0.2
}
. (A.3)
B Fixed-point gauge
In the case of QCD the fixed-point or Fock-Schwinger gauge [100, 101] can be defined without
loss of generality for gauge-invariant quantities by
xµGAµ (x) = 0 , (B.1)
where it is sufficient to restrict this choice of gauge to classical gluon fields GAµ .
For the gauge choice (B.1) it is easy to show that one can express the gluon field through the
QCD field strength tensor GAµν(x) = ∂µG
A
ν (x) − ∂νGAµ (x) + gs f ABCGBµ (x)GCν (x) evaluated at x = 0.
Here gs denotes the strong coupling constant. To derive the sought relation, one notices first that
GAµ (x) = ∂µ
(
xνGAν (x)
)
− xν∂µGAν (x)
= −xν
(
GAµν(x) + ∂νG
A
µ (x) − gs f ABCGBµ (x)GCν (x)
)
= xνGAνµ(x) − xν∂νGAµ (x) ,
(B.2)
where we have employed the gauge condition (B.1) twice and used the anti-symmetry of GAµν to
obtain the final result. Setting xν = αyν with an arbitrary parameter α, one can then write
xνGAνµ(x) = αy
νGAνµ(αy) = G
A
µ (αy) + αy
ν ∂
∂(αyν)
GAµ (αy) =
d
dα
(
αGAµ (αy)
)
. (B.3)
Now if one integrates both sides of the above relation over α ∈ [0, 1] and assumes that GAµ (x) is
non-singular at x = 0, one finds ∫ 1
0
dααyνGAνµ(αy) = G
A
µ (y) . (B.4)
Using a similar assumption for the QCD field strength, one can Taylor expand GAνµ(αy) around
αy = 0 and perform the integration on the left-hand side of (B.4). It follows that
GAµ (x) =
1
2
xνGAνµ(0) +
1
3
xνxρ∂ρGAνµ(0) + . . . , (B.5)
where we have switched back from the variable y to the variable x.
The latter expression can be further simplified by noting that as a result of (B.1), the partial
derivatives in (B.5) can be promoted to covariant derivatives Dµ = ∂µ − igsGAµ tA. In consequence,
one has
GAµ (x) =
1
2
xνGAνµ(0) +
1
3
xνxρDρGAνµ(0) + . . . , (B.6)
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in the fixed-point gauge of QCD. The same result also holds in the case of EM with GAµ replaced
by Aµ and GAµν replaced by Fµν.
Finally, notice that due to (B.1) the Taylor expansion of the classical quark field q can also be
formulated in terms of covariant rather than partial derivatives. One has
q(x) = q(0) + xµDµq(0) +
1
2
xµxνDµDνq(0) + . . . . (B.7)
C Borel transforms
We define the Borel transformation of a function F(Q2) with Q2 = −q2 in the following way
B
[
F(Q2)
]
= lim
Q2, n→ ∞
Q2/n = M2 = const.
(Q2)n
(n − 1)!
(
− d
dQ2
)n
F(Q2) . (C.1)
The auxiliary parameter M is called the Borel mass and occurs in the final result of most sum-rule
calculations. A collection of useful Borel transforms can be found for instance in [65, 66, 76] and
reads
B
[(
Q2
)k]
= 0 ,
B
( 1Q2
)k = 1(k − 1)!
(
1
M2
)k
,
B
( 1s + Q2
)k = 1(k − 1)!
(
1
M2
)k
e−
s
M2 ,
B
[(
Q2
)k
ln
(
Q2
)]
= (−1)k+1Γ(k + 1)(M2)k ,
B
( 1Q2
)k (
ln
(
Q2
µ2
))− = 1Γ(k)
(
1
M2
)k (
ln
(
Q2
µ2
))− 1 + O (ln (Q2µ2
))−1 .
(C.2)
Here k ∈ N+ and Γ(z) denotes the Euler gamma function. From (C.2) it is clear that all polynomial
contributions to sum-rule correlation functions vanish after Borel transformation.
D OPE for the quark propagator
The free position-space propagator S (0)(x) of a massless quark is easily derived by taking the
Fourier transform of the well-known momentum-space representation
S (0)(x) =
∫
d¯4 p e−ipx
i/p
p2
=
1
(2pi)4
(−i/∂E) ∫ d4 pE eipE xE
p2E
, (D.1)
where colour indices are implicit and we have applied a Wick rotation to Euclidean space using
x2 → −x2E and p2 → −p2E . The four-dimensional integration measure can be written as d4 pE =
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p¯3 dp¯ dΩ4, where the magnitude of the four-dimensional Euclidean momentum vector has been
denoted by p¯ = |pE |. The differential solid angle is given by∫
dΩ4 =
∫ 2pi
0
dφ
∫ pi
0
dθ1dθ2 sin θ1 sin2 θ2 . (D.2)
It follows that dΩ4 = dΩ3 sin2 θ2 and (D.1) hence takes the form
S (0)(x) =
1
4pi3
(−i/∂E)
∫ ∞
0
dp¯p¯
∫ pi
0
dθ2 sin2 θ2 eip¯x¯ cos θ2
=
1
4pi3
(−i/∂E)
∫ ∞
0
dp¯p¯
piJ1( p¯x¯)
p¯x¯
=
1
4pi2
(−i/∂E) 1x¯2 =
i/x
2pi2x4
.
(D.3)
Here x¯ = |xE |, J1(z) denotes the Bessel function of first kind with index 1 and in the final step we
have rotated back from Euclidean to Minkowski space noting that /xE → /x.
In order to determine the non-perturbative contributions S q(x) to the quark propagator, one
needs to evaluate the correlator
〈
Ω|T [qia(x)q¯ jb(0)]|Ω〉. Using the expansion of the classic quark
field (B.7), one obtains
〈
Ω|T [qia(x)q¯ jb(0)]|Ω〉 = 〈qia(0)q¯ jb(0)〉 + . . . = − 112 δabδi j 〈q¯q〉 + . . . , (D.4)
where the fields of the condensate 〈q¯q〉 are evaluated at x = 0. Notice that the minus sign in the final
result comes from the exchange of the fermion fields and the numerical prefactor can be determined
by contracting the expression in the middle and on the right with δabδi j. Ignoring colour and spinor
indices, the expansion (D.4) thus leads to the expression for S q(x) as given in (4.5).
E Fourier transforms
We define the Fourier transform of a function F(p) by
F
[
F(p)
]
=
 µ2IR4pieγE
−IR ∫ d¯4+2IR p e−ipx F(p) , (E.1)
where we have performed the integration in d = 4 + 2IR space-time dimensions with IR > 0 to
regulate the IR divergences that appear in some of the Fourier integrals that we have encountered
in Sections 4.3 and 5.1. The symbol γE denotes the Euler’s constant and µIR is a mass scale needed
to restore the correct dimensionality of (E.1).
In the case that F(p) is polynomial in 1/p2, a simple calculation along the lines of the compu-
tation performed in Section D leads to
F
 1(
p2
)k
 = i4kpi2
−µ2IRx24eγE
−IR Γ (2 − k + IR)
Γ (k)
(
x2
)k−2
, (E.2)
where k ∈ N+. The Fourier transforms of type (E.2) relevant for our article are
F
[
1
p2
]
=
i
4pi2x2
, (E.3)
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F
[
1
p4
]
=
i
16pi2
 1
IR
− ln
−µ2IRx24
 . (E.4)
Tensor Fourier integrals with a polynomial denominator of the form (p2)k can be obtained
from (E.2) by taking derivatives
F
 pµpν · · ·(
p2
)k
 = (i∂µ) (i∂ν) · · · F  1(
p2
)k
 . (E.5)
This procedure allows one to derive for example
F
[
pµpν
p4
]
= − i
4pi2x4
(
xµxν − gµν2 x
2
)
, (E.6)
a relation that has been used in Sections 4.3 and 5.1.
In our sum-rule calculations we have also encountered ultraviolet (UV) divergent Fourier trans-
formations of a function F(x). To regulate UV divergences we work in d = 4 − 2UV space-time
dimensions with UV > 0, introduce the mass scale µUV and define
F
[
F(x)
]
=
µ2UV eγE4pi
−UV ∫ d 4−2UV x eipx F(x) . (E.7)
If F(x) is polynomial in 1/x2, it is straightforward to evaluate (E.7). For k ∈ N+ we obtain
F
 1(
x2
)k
 = − ipi24k−2
−µ2UV eγEp2
−UV Γ (2 − k − UV)Γ (k) (p2)k−2 . (E.8)
The Fourier integrals of the form (E.8) that occur in our article are
F
[
1
x2
]
= −4ipi
2
p2
, (E.9)
F
[
1
x6
]
= − ipi
2 p2
8
 1UV − ln
−µ2UVp2
 − 1 . (E.10)
We also encounter in our work Fourier transforms that are both IR and UV divergent. They
are of the type F
[
1/
(
(x2)l
) F [1/((p2)k)]] with k, l ∈ N+. Using the result given in (E.2) and (E.8)
these double integrals are readily computed. We find
F
 1(
x2
)l F
 1(
p2
)k
 = 14l
− µ2IRp2 eγE
−IR −µ2UV eγEp2
−UV
× Γ (2 − k + IR) Γ (k − l − IR − UV)
Γ (k) Γ (2 − k + l + IR)
(
p2
)l−k
.
(E.11)
The only Fourier integral of the form (E.11) that is necessary to compute the two-loop contributions
to the OPE correlation functions considered in this paper is
F
[
1
x6
F
[
1
p4
]]
=
p2
128
ln
−µ2IRp2
 ln −µ2UVp2
 + . . . , (E.12)
where the ellipses represent terms that vanish after Borel transformation (cf. Appendix C), meaning
that these contributions do not enter the analytic expressions (6.1) and (6.4).
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